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Abstract

This chapter argues for a future oriented approach to mathematical problem solving in elementary and middle school, one that draws upon the models and modeling perspective. Complex real world problems provide a rich source of meaningful situations that capitalise on and extend students’ existing mathematics learning. Furthermore, given the increasing role of mathematics, technology and science in today’s world, the introduction of complex problem solving and technological tools in the mathematics curriculum is especially needed. We give consideration here to the models and modeling approach as a means for introducing complex problem solving to elementary and middle school students and address how LEMA, a EU co-funded research project, provides a coherent teacher training course for pre-service and in-service mathematics teachers.  

Introduction
During the last years, an increasing number of mathematics education researchers have focused their efforts on mathematical modeling, especially on mathematical modeling at the school level. This is evident in numerous research publications from groups of researchers in Australia (English, Galbraith and colleagues), Belgium (Verschaffel and colleagues), Denmark (Niss, Blomhøj and colleagues), Germany (Blum, Kaiser and colleagues), Netherlands (de Lange and colleagues), and the U.S (Lesh, Schoenfeld and colleagues). Among the questions that have been raised are questions related to how well students are prepared to solve real world problems that they encounter beyond school, to solve problems in their future professions, as citizens and in further learning (Blum, 2004; English, 2006; Mousoulides, 2007, 2008). A second set of questions is related to what is needed for teachers to successfully introduce mathematical modeling in their day to day practice (Lesh & Doerr, 2003).

Mathematical modeling has been considered as an effective medium not only to answer questions like the ones raised above, but also to foster critical mathematics education (Skovsmose, 1994, 2000). Although the National Council of Teachers of Mathematics (NCTM, 2000) calls for purposeful activities along with skillful questioning to promote the understanding of relationships among mathematical ideas, this recommendation can be pushed further and modeling activities can be used as a way to cultivate critical thinking and critical literacy (Skovsmose, 2000; Sriraman & Lesh, 2006).

Modeling activities can assist students in using important mathematical ideas in problem solving, and can help teachers to develop an understanding of students’ thinking. Mathematics education researchers need to design well structured modeling activities that provide rich opportunities for students to develop their ideas (Lesh & Doerr, 2003; Lesh & Zawojewski, 2007). A modeling perspective leads to the design of an instructional sequence of activities that begins by engaging students with non-routine problem situations that elicit the development of significant mathematical constructs and then extending, exploring and refining those constructs in other problem situations leading to a generalizable system (or model) that can be used in a range of contexts (Lesh & Doerr, 2003; English & Doerr, 2004). In these activities, referred to as model eliciting activities, the products that students produce go beyond short answers; they include sharable, manipulatable, modifiable, and reusable conceptual tools (e.g., models) for constructing, explaining, predicting and controlling mathematically significant systems (Lesh & Doerr, 2003; Lesh & Zawojewski, 2007). In contrast to many of the problem situations students meet in school, modeling activities are inherently social experiences, where students work in small teams to develop a product that is explicitly sharable (Doerr & English, 2001). Numerous questions, issues, conflicts, resolutions, and revisions arise as students develop, assess, and prepare to communicate their products (English & Doerr, 2004; Mousoulides et al., 2009). 
In an attempt to provide a coherent framework for mathematical modeling at the school level and to identify the need for teacher training on modeling, the literature review is organized into three strands. The first strand situates mathematical modeling as a problem solving activity. The second strand discusses modeling activities, by presenting the principles for designing and implementing modeling activities in classrooms. Finally, the third strand provides details about issues related to the teaching of mathematical modeling, like the contextual nature of modeling and assessment of mathematical modeling. 
Mathematical Modeling as a Problem Solving Activity
Modeling Processes in Problem Solving

A number of relevant works (Blum & Niss, 1991; Lesh et al., 2003; Mousoulides, 2007, 2008) have documented the different processes involved in mathematical modeling in problem solving. In this chapter I present the modeling procedure presented in Mousoulides (2007), which adopts and further analyses Lesh and Doerr’s (2003) interpretation of the modeling procedure, incorporating the related modeling processes (see Figure 1). 

In particular, in successfully working in modeling problems, students have to demonstrate the following processes: (a) Understand and simplify the problem. This included understanding text, diagrams, formulas or tabular information and drawing inferences from them; demonstrating understanding of relevant concepts and using information from students’ background knowledge to understand the information given. (b) Manipulate the problem and develop a mathematical model. These processes included identifying the variables and their relationships in the problem; making decisions about variable relevancy; constructing hypotheses; and retrieving, organising, considering and critically evaluating contextual information; use strategies and heuristics to mathematically elaborate on the developed model. (c) Interpreting the problem solution. This included making decisions (in the case of decision making); analysing a system or designing a system to meet certain goals (in the case of system analysis and design); and diagnosing and proposing a solution (in the case of trouble shooting tasks). (d) Verify, validate and reflect the problem solution: This included constructing and applying different modes of representations to the solution of the problem; generalize and communicate solutions; evaluating solutions from different perspectives in an attempt to restructure the solutions and making them more socially or technically acceptable; critically check and reflect on solutions and generally question the model (Blum & Kaiser, 1997; Lesh & Doerr, 2003).  
As reported in PISA 2003 study, the analysis of the modeling processes students applied in problem solving resulted in three distinct performance levels (see Table 1). These levels provide an analytical model for describing what individual students are capable of in problem solving. An analytical model for explaining student modeling processes in problem solving and the benefits from such a model was theoretically proposed by Blum and Niss (1991). Blum and Niss (1991) suggested that an increased emphasis on modeling processes in problem solving should develop better problem-solving ability and eventually should result in fostering creative and problem solving capacities (attitudes, strategies, heuristics, techniques, etc.), open-mindedness, self-reliance and confidence.  
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Figure 1. The Modeling Procedure.

Student Models
Models are conceptual systems that generally tend to be expressed using a variety of interacting representational media, which may involve written symbols, spoken language, computer-based graphics, paper-based diagrams or graphs, or experience-based metaphors (Pollak, 1970; Blum & Niss, 1991; Lesh & Doerr, 2003). Models include: (a) a conceptual system for describing or explaining the relevant mathematical objects, relations, actions, patterns, and regularities that are attributed to the problem-solving situation; and                  (b) accompanying procedures for generating useful constructions, manipulations, or predictions for achieving clearly recognized goals (Lesh & Doerr, 2003; Lesh, Doerr, Carmona & Hjalmarson, 2003). Typically, this definition of model has only been used in reference to student or teacher thinking and learning (e.g., Doerr & Lesh, 2003). To provide a parallel construct at the researcher level, a design experiment carried out from a models and modeling perspective (a modeling design experiment) should be consistent with this definition. The design tested in the experiment encompasses two parts (similar to a model). Namely, the design includes theoretical assumptions (i.e., researcher-level conceptual systems about mathematical knowledge, models, teacher development, etc.) and external elements (i.e., representations of the researcher-level conceptual system in the form of interventions, curriculum, etc.) (Kaiser & Schwarz, 2006; Lesh & Doerr, 2003).
Table 1

Modeling Processes in the Three Categories of Modeling Problems 

	Decision Making
	System Analysis & Design
	Trouble Shooting

	Understanding a situation where there are several alternatives and constraints and a specified task
	Understanding the information that characterises a given system and the requirements associated with a specified task
	Understanding the main features of a system or mechanism and its malfunctioning, and the demands of a specific task

	Identifying relevant constraints
	Identifying relevant parts of the system
	Identifying causally related variables

	Representing the possible alternatives
	Representing the relationships among parts of the system
	Representing the functioning of the system

	Making a decision among alternatives
	Analysing or designing a system that captures the relationships between parts
	Diagnosing the malfunctioning of the system and/or proposing a solution

	Checking and evaluating the decision
	Checking and evaluating the analysis or the design of the system
	Checking and evaluating the diagnosis/solution

	Communicating or justifying the decision
	Communicating the analysis or justifying the proposed design
	Communicating or justifying the diagnosis and the solution


Modeling Activities: Design and Research 
Characteristics of Modeling Activities

The modeling activities are non-routine tasks because each task asks students to mathematically interpret a complex real-world situation and require them to formulate a mathematical description, procedure, or method (instead of a one-word or one-number answer as found in more traditional mathematical problems) for the purpose of making a decision for a realistic client (Mousoulides & English, 2008; Lesh & Zawojewski, 2007). Groups of students are producing a description, procedure, or method and these students’ solutions to the task reveal explicitly how students are thinking about the given situation (Lesh et al., 2000; Lesh & Doerr, 2003; Zawojewski, Lesh & English, 2003).
The different tools being designed and created to facilitate students’ and teachers’ externalization of their thinking and understandings of problem situations aim to elicit their thinking and thus researchers are referring to these tools as model eliciting activities (Lesh & Doerr, 2003; Lesh et al., 2003). Among the central characteristics of these activities are: (a) the development of a model that describes a real-life situation, (b) the developed models to encourage the solver to describe, revise, and refine their ideas and approaches, and (c) the developed models to encourage the use of a variety of representational media to explain (and document) students’ conceptual systems. Modeling activities can be designed to lead to significant forms of learning because they involve mathematizing –by quantifying, dimensioning, coordinating, categorizing, algebraizing, and systematizing relevant objects, relationships, actions, patterns, and regularities (Lesh et al., 2003; English, 2006; Borromeo Ferri, 2006; Lesh & Zawojewski, 2007).

An example of a model eliciting activity for students is intended to reveal the way students are thinking about a real life situation that can be modelled through mathematics. The solution calls for a mathematical model to be used by an identified client who needs to implement the model adequately. As a result, students must clearly describe their thinking processes and justify not a single solution, but rather all (or most of) the optimal and appropriate solutions (Mousoulides & English, 2008; English, 2003). Students’ engagement with such mathematical tasks results in developing math concepts through the need to develop powerful math ideas in order to solve a problem. Thus, they are given a purpose (and End in View) (English & Lesh, 2003) to develop a mathematical model that best explains, predicts, or manipulates the type of real-life situation that is presented to them. In this way, model-eliciting activities allow students to document their own thinking and learning development.

Principles for Developing Modeling Activities

Research in the field of mathematical modeling listed a number of principles for developing modeling activities. To develop modeling activities, designers rely upon six design principles that are based on the work of the teachers and the researchers and that have subsequently been refined by Lesh and his colleagues (2000). 

The first principle for designing a modeling activity is called the Model Construction Principle.  This principle ensures that the solution requires the construction of an explicit description, explanation, procedure, or justified prediction for a given mathematically significant situation. Such products externalize how the students interpret the situation and also reveal the types of mathematical quantities, relationships, operations, and patterns that they take into account. The second design principle is the Reality Principle. This principle could also be referred to as the meaningfulness principle, and it relates to two important characteristics of a case study. First, it requires the case study to be designed so that students can interpret the activity meaningfully from their different levels of mathematical ability and general knowledge. 
The third design principle is the Self-Assessment Principle. This principle ensures that the modeling activity contains criteria the students themselves can identify and use to test and revise their current ways of thinking. Specifically, the modeling activity should include information that students can use for assessing the usefulness of their alternative solutions, for judging when and how their solutions need to be improved, and for knowing when they are finished. The fourth principle, the Model Documentation Principle, ensures that while completing the modeling activity, the students are required to create some form of documentation that will reveal explicitly how they are thinking about the problem situation. Requiring external documentation of their thinking is beneficial for both the teacher and the students.  First, the documentation is helpful for the teacher because it reveals how the students are interpreting and thinking about the given situation. Second, the documentation is beneficial for the students because when students externalize their thinking, it becomes easier for them to self-assess or to reflect on their thinking. This principle is typically accomplished in two ways. First, students are working in groups of three; thus, they explicitly reveal their thinking when they communicate with each other to carry out processes such as planning, monitoring, and assessing their solutions. Second, the problem is stated to require students to produce explanations, procedures, or descriptions as part of their solution and to explain their solutions in written letters to the president of the association. Together, these two requirements produce documentations that reveal how students are thinking about the given situation.

The fifth principle is the Construct Share-Ability and Re-Usability Principle, which requires students to produce share-able and re-usable solutions.  By asking the students to produce products that can be used by others beyond the immediate situation, modeling activities require students to go beyond personal ways of thinking to develop more general ways of thinking, often resulting in more powerful mathematics. The sixth principle, the Effective Prototype Principle, ensures that the modeling activity will be as simple as possible yet still mathematically significant. The goal is for students to develop solutions that will provide useful prototypes for interpreting other similar situations. 

Teaching Mathematical Modeling
Teacher Pedagogical Approaches and Teaching Practices 

A number of research studies reported on the benefits of modeling activities for teachers. Schorr and Koellner-Clark (2003) reported on a multi-tiered program in which participating teachers had opportunities to consider their approaches to teaching, make predictions about what was happening, test those predictions, and then reflect the outcomes in a collegial setting. Teachers were also able to reflect on their ideas about mathematics teaching and learning as they considered the strengths and weaknesses in their ways of thinking. Experience from teaching modeling activities provided the impetus for teachers to develop new world-views about their teaching practices. Additionally, all teachers from the above study began to reflect more deeply about their students’ thinking. The teachers asked more questions and closely listened student’s responses (Schorr & Koellner-Clark, 2003). Schorr and Koellner-Clark (2003) concluded by documenting that the modeling perspective is useful in considering the conditions that are necessary for generating fundamental changes in teaching practice.

According to Doerr (2006), modeling activities place new demands on teachers. By listening to students’ ways of thinking the teachers’ schemata (interpretations of possible ideas students might have) develop in ways that include a greater diversity of students’ thinking. Listening students’ ways of thinking for the purpose of understanding can enable teachers to manage the multiplicity of ideas in the class and to support the multiple developments of students’ ideas. Doerr (2006) found that, in her study, the teacher supported a diversity of ideas in the classroom rather than guiding students along particular paths or trajectories. A crucial characteristic of her support was in how she shifted the role of evaluator from herself to her students. This shift was evident as the students themselves tested and rejected ideas, explored patterns of numbers and investigated relationships of possible functions (Doerr, 2006). She reported that modeling activities created a new learning environment for teacher and students. Teacher’s approach to ask her students to describe and explain their thinking contributed not only to the teacher’s understanding of her students’ thinking, but it created a situation where the students could refine their thinking and shift to a new way of thinking about the problem. Doerr (2006) concluded that the teacher shifted the task of teaching from guiding the students along a known (to the teacher) path or trajectory to fostering a multiplicity or diversity of ideas and then engaging the students in evaluating, revising and refining their ideas (Doerr & English, 2001; Doerr, 2006). 

The Role of Affective Factor

The importance of the affective domain in mathematical modeling is stressed in a number of research studies (Gravemeijer, 1997; Verschaffel et al., 1997; Lesh & Doerr, 2003). Yoshida, Verschaffel and DeCorte (1997) reported that mathematics education is now focussed to a broader perspective on student learning outcomes, including their attitudes and beliefs and their capacity to apply their knowledge and skills in authentic, non-routine problem situations. The importance of considering students’ conceptions is also pointed by Confrey and Doerr (1994), who argued that the use of the modeling approach to problem solving can create positive beliefs in the mathematics classroom. In line with previous findings, Bonotto and Basso (2001) reported that an activity of realistic mathematical modeling problems can create an interplay between reality and mathematics and mathematical modeling of real world based problems can enhance students sense-making. Additionally, they argued that bringing real-world situations into school mathematics is a necessary condition to foster a positive attitude towards mathematics. Similarly, Gravemeijer (1997) argued that a change in classroom culture towards a modeling perspective can foster the development of positive attitudes towards mathematical problem solving.  

A significant obstacle in teaching mathematical modeling was the pre-existing beliefs among teachers, and the projection of those beliefs onto their students. Verschaffel, De Corte and Borghart (1997) reported a strong and resistant tendency among pre-service teachers to exclude real world knowledge and realistic considerations when dealing with arithmetic word problems as instructional tasks. In addition, the teachers, participated in this study, even resist change toward a more open-ended, modeling-based approach in their teaching. Teachers’ pedagogical beliefs, as presented through their comments, reported that world based problems are not important and they can be sometimes harmful for teaching arithmetic word problem solving in the elementary and middle school (Verschaffel et al., 1997). In summarizing their findings, Verschaffel and his colleagues (1997) pointed that teachers’ beliefs are driving teachers towards the argument that realistic solutions are beyond the intention of the problem and those problems are inappropriate for school grade level. Similarly, Doerr (2006) documented that negative teacher attitudes and beliefs about the role and significance of including real world knowledge in the interpretation and solution of school arithmetic word problems might have a negative impact on their teaching practices. As a result, teachers do not assist their students in making connections between the different concepts in mathematics and in promoting problem solving skills (Doerr, 2006). 

The demand on teachers to adopt the modeling approach in their mathematics teaching and their resulting beliefs are articulated by Blum and Niss (1991). Researchers stressed that problem solving is more demanding for teachers because a number of additional qualifications are necessary, and assessment students’ achievements is more difficult (English & Doerr, 2003; Doerr, 2006). Moreover, many teachers do not feel able to deal with non routine problems and very often teachers simply either do not know enough problem examples suitable for instruction, or they do not have the necessary time and skills to adapt them to the actual class and to prepare their teaching (Blum & Niss, 1991).

Assessment in Mathematical Modeling

One of the evaluation standards included in the Curriculum and Evaluation Standards for School Mathematics (NCTM, 1989, 2000) concerns ‘Problem Solving’, while many of the specific details related directly to the modeling approach in problem solving. The standard equated the assessment of problem solving with being able to formulate problems, apply a variety of strategies to solve problems, verify and interpret results, and generalize solutions (NCTM, 1989, p. 209). Furthermore, students being able to ask questions, use given information, and make conjectures (p. 209), as well as generalizing a problem and its solution to other similar problems.  

Among others, Niss (1987) pointed out that assessment of modeling could be problematic, since application and modeling qualifications are difficult to assess, let alone to test, by traditional evaluation tools. Niss (1987, 1993) further clarified that there is a need to move away from conventional modes and traditional practices of mathematics assessment. It can be accepted that assessment of mathematical modeling has to be exercised as an intricately variety of components in a complex structure. This implies that assessment takes time and cannot be standardised. It does not imply that assessment cannot be exercised on a sound foundation of reflection and reasoning and articulate criteria and be subject to clear communication. It also does not imply that assessment cannot be summative (Niss, 1993; English, 2002; Mousoulides & English, 2008; Mousoulides et al., 2009). 
Self assessment is also important, as it helps students to understand and evaluate the task which has been undertaken. Clearly, students who cannot recognise high-quality work produced by their peers (or by themselves) have little claim to soundly-based knowledge (Sriraman & Lesh, 2006). Evaluation may be seen as a substantial part of the didactical contract being negotiated between student and teacher (Brousseau, 1997). Through this interplay, the students can learn to identify the criteria for qualitatively good performance.

A quite different approach was proposed by Bell and colleagues (1992), focusing on the choice of the task to be a critical one when planning (metacognitive) and content knowledge (cognitive) are competing resources. Stillman’s (2001) proposed for a balance in the importance of the two types of thinking processes (strategic and technical load) when assessing students in mathematical modeling. She focused on the open-endedness of the task, presenting the way the task is structured and presented to the student – ‘low-scaffolding’ (little organization of task in the description) versus ‘high-scaffolding’ (highly structured presentation of the task). The variation between the two presentations had several influences, in modeling assessment. More specifically, she concluded that high levels of task scaffolding should be used in learning situations with students who have low aptitude for modeling in order to increase the chance of their short term success. In assessment situations, the use of high scaffolding of tasks would be expected when students are new to modeling (Stillman, 2001; Kaiser & Sriraman, 2006).  
Time and Communication

One of the issues identified in the literature review is a concern for the amount of time required to implement mathematical modeling in teaching school mathematics. Niss (1987) described that the issue of time is an important condition, since modeling activities are time consuming. In an attempt to compound the reasons for the time required to implement modeling, Hatano (1997) provided a plausible explanation, indicating that modeling is a kind of understanding through comprehension activity. Understanding through comprehension activity may offer multiple interpretations simultaneously, and requires their plausibility to be monitored carefully. Comprehension activity proceeds by deriving and testing predictions from each of the interpretations being considered, so it must be a time- and effort-consuming process (Sriraman et al., 2006a). 

Modeling activities need considerable more time to be implemented, compared to traditional problem solving activities. Since modeling activities are thought revealing tasks, requiring students to express their own thinking in interpreting real problems, then time is needed not only to allow students to build their own understandings, but also to interact with other students in creating shareable models (Lesh & Zawojewski, 2007).  
A second issue about the teaching of modeling relates to communication practices in mathematics. In line with NCTM’ s call for an increased emphasis on communication in the mathematics classroom, Eid (1997) included the following features of modeling as promoting communication, an essential component of mathematics (NCTM, 2000):  (a) Students often speak loudly, and share and present their results to class, (b) modeling tasks often require students to discuss with peers, clarify ideas and hypotheses, describe mathematical facts in their owns words, and (c) there is enough time for discussion of different ways or methods to obtain a solution to a task. Bauersfeld (1993) felt that shifting the focus of attention for instruction towards process instead of product, would help develop students’ ability to communicate. Additionally, Burkhardt and Pollak (2006) maintained that the discussions in mathematics classroom are necessary for an extended clearing up of the individual understandings and for the negotiation of a sufficiently-shared interpretation for an acceptable solution. 
Learning through Mathematical Modeling: LEMA Project

LEMA is an ongoing EU funded project (2006-2009). Among the project’s core aims is the development of materials for professional development courses in mathematical modeling and applications for mathematics teachers across six European nations. The participating countries are Cyprus, France, Germany, Spain, Hungary, and United Kingdom. The target groups of the project are in-service and pre-service teachers at primary and lower secondary level and teacher trainers. Following an analysis of needs the course has been developed, piloted, evaluated and optimised. Outputs of the project include a DVD of the course materials, including video sequences demonstrating classroom practices in the different settings of partner nations. 
We expect the following impact of the project for all target groups: (a) Developing teachers "student teachers" view of mathematics by showing how mathematics is used in the wider world, (b) providing teachers/student teachers with modern pedagogy to integrate modelling tasks in maths lessons, helping teachers/student teachers to develop the competency to create modelling tasks themselves, and (c) improving education and training for teachers as well as supporting and developing their ability in lifelong learning and helping teacher trainers to integrate modelling into their training courses. 

Teacher Training Course
The Teacher Training Course consists of five modules: The Modeling module, the Tasks module, the Lessons module, the Assessment module, and the Reflecting module. The rationales of these modules are presented in the next paragraphs. 
The Modeling module has two main objectives. On one hand, the module leads with the description of the modelling processes. The final aim of this meta-reflection is to get to a model of the “modelling process” (a version of the modelling cycle) powerful and useful to promote both the teaching of modelling and the use of modelling tasks in the teaching of mathematics. On the other hand, a reflection on the arguments that will support a wider implementation of modelling and applied tasks in everyday teaching practices is promoted. 
It is basically determinative if we use „full scale approach” or „atomistic approach” when we are looking for a task (Blomhoj, 2003). In the case we are working under the guidelines of the latter mentioned idea, task may be prepared with focusing on any section of the model-creating process (mathematisation) or with giving assist for executing a complex modelling task with the right questions (in given steps).
In creating tasks, it is important to notice mathematical problems in the everyday life. Teachers may analyze various topics, like motorways, public transportation, swimming pool, traffic jam, and class trips. Teachers can also create modeling tasks by rewriting and adapting existing modeling tasks. There are various classifications of reality-related tasks which distinguish the tasks according to different properties. Galbraith and Stillmann (2001) distinguished between: (a) Injudicious problems: In such a problem the context is distorted. The problem is artificial and the mathematical operation does not give a solution which makes really sense in this context. (b) Context-separable problems: The context plays no real role in the solution and can be stripped away to expose a purely mathematical question. (c) Standard-applications: Here the necessary mathematics is context related and the situation is realistic. The procedure to solve the problem however is standard. (d) Modelling problems: The problem is realistic and there is no standard routine to solve it.
According to Maaβ (2006), tasks can also be further classified according to the following guidelines: 
(a) What is the mathematical area the task belongs to? Stochastics, Geometry, Algebra, Calculus.
(b) What goals are to be reached with the task in class? The aim of the task can be to discover mathematics, which is so far unknown to the students, or to use mathematics which is already known to the students. It can also be used to stimulate discussion, to use heuristics or to assess students.
(c) In which way the task fits in to the curriculum and the general framework? A task can either fit directly into the curriculum, because it tackles mathematical content required in the curriculum. It can also fit into the curriculum because it helps to develop competencies (such as problem solving competencies or modelling competencies) which are required in the curriculum. 
(d) How open is the task? On the one hand a task may only allow one proceeding and one solution, on the other hand data may be missing which has to be estimated, different ways of proceeding can be possible, which may lead to different solutions.
(e) How relevant and authentic is the task? The situation and the problem may be not realistic at all but rather artificial. In other cases the question may be reality-related or interesting, because it gives important insights into different areas or it may be also relevant and authentic for a certain area. 
(f) How much experience the students need in modelling? Students who do not have much experience in modelling will need different tasks than advanced modellers. While advanced modellers may be able to deal with modelling projects requiring data collection, distribution of various tasks among the group and a lot of time, beginners may need problems which only differ a little from the well known exercises in the textbooks (Verschaffel, 2002). 
(g) In which way mathematics can be useful? Individuals need mathematics to critically view offers from banks, advertisements in newspapers etc. Mathematics can also give insight into other domains of professional life and thus contribute to a better understanding of the world. Mathematics can also help to precise communication. 
(h) How relevant is the context of the tasks to the students and their daily life? There are tasks which are very closely related to the student daily life, such as mobile costs, whilst others may be authentic and relevant but not of much interest for the students. 
(i) How is the problem presented?  Problems may be presented – among others - with the help of texts, authentic materials or pictures. The form of presentation is extremely important when dealing with younger students or students who are weak in reading (Mousoulides et al., 2009).
In the Lessons module, teachers have many opportunities to consider how to teach mathematics in and with modelling. This module is also dealing with class management questions and is therefore relevant to teachers and their day-to-day teaching practice. When teaching in and with mathematical modelling, the following aspects should be taken into account: (a) Selection of appropriate tasks, (b) Teaching methods, (c) The development of modelling competencies, (d) The development of students’ metacognitive abilities, (e) Promoting the mathematical learning, and (f) Using ICT. 
Among the topics discussed in the Lessons module is the structure of the mathematics lessons. Group work, whole class discussions as well as students working independently seem to support the development of modeling competencies. First discussing ideas about how to solve the problem in small groups, then brainstorming, and then working in small groups, seems to be appropriate. On the contrary, methods like “sink or swim” (providing students modelling tasks with no support) or “cookbook modelling” (providing strong guidelines) did not turn out to be very successful. Furthermore, peer assessment and self assessment seems to support competencies in validating. There is a wide range of alternatives for teaching methods used for the three parts of a lesson (introduction, working phase, summing up). Methods have to be chosen according to the content of the lesson and student abilities. Independent work of students may lead to a variety of different solutions, some of which might not be understandable by the teacher. The teacher has to realise that she is not obliged to know and understand everything at once; she is rather supposed to be open towards new ways and new ideas.
In the Assessment module, teachers can explore ways to best assess student work when they are working on mathematical modelling activities. The majority of the module focuses on day-to-day classroom assessment practices but teachers will also consider how they might assess the work that students produce and assign grades. The module was designed drawing on two main areas of previous research studies: (a) first of all previous work in the area of assessment in general was used to inform the overall approach taken, and (b) second what is known about assessing mathematical modelling in particular was used to ensure that teachers will soon be able to assess the mathematical modelling achievement of their students. The rationale of this module is based on the seminal work of Black and William (1998), who suggested that focussing on formative assessment, i.e. assessment with the purpose of informing teacher and learner about learner progression, raises student attainment. Thus formative assessment, which may be thought of as assessment for learning, is conceptualised as providing feedback at all stages of day-to-day classroom activity rather than summative assessment, or assessment of learning, which focuses on measuring outcomes and is often used to give grades, possibly leading to certification or qualification.
The design of this module reflects the overarching pedagogic philosophy that teachers and students will strive together to ensure that as a community they will use their monitoring, at every stage, of the mathematical modelling taking place in their classroom, to inform them of how to improve students’ their learning of this. Fundamental to this will be the clarifying of learning objectives so that all know what it is they are trying to achieve. In terms of mathematical modelling this requires that students understand the overall nature and aim of modelling and the key sub-competencies they need to acquire. As well as considering how to make the process aspects of modelling understood by their students, teachers will also consider the four other important aspects of pedagogic practice associated with assessment for learning as identified above and how they can  put these into practice in their classroom.
Questioning.  This is a crucial aspect of teacher activity in their classrooms.  Research suggests that teachers often leave little space for students to really think about answers to questions they ask: research carried out towards the end of the last century, which is summarised by Kenneth Tobin (1987), points to findings that suggest that although the time between a teacher asking a question and intervening, perhaps to re-phrase the question, (often referred to wait-time, is often very short, and if lengthened leads to more effective learning.
Feedback. How teachers best give feedback to students to scaffold their learning is always an issue of concern but this is possibly even more problematic when developing new pedagogic practices such as those associated with mathematical modelling.  Research that informed the development of good practice in assessment for learning in this area is clear in suggesting that the best feedback focuses on the task, is given immediately rather than without delay and is given orally rather than in writing
Formative use of summative assessment. Whilst the overall focus of this module is very much on the formative use of assessment, teachers, and indeed students, parents, and schools always expect grading to summarise progress at regular intervals. Much work has been done in developing ways in which such summative assessment of mathematical modelling can be carried out.  Teachers have an opportunity to build on such work to develop their own understanding of what constitutes quality in the various aspects of mathematical modelling.  
Teachers will, therefore, have an opportunity to investigate a range of summative assessment instruments that have been used to describe work of varying quality in mathematical modelling as well as looking at problems that have been used to assess such work in relatively formal ways such as in written examinations.  For example, teachers will have an opportunity to investigate some of the problems that the international comparative study, PISA, use to assess problem solving competencies which are closely allied to modelling competencies.
Peer & self assessment. Of course, learning is most effective when the learners themselves have a clear understanding of what it is they are trying to achieve, can measure their progress against clear objectives and know how to proceed to achieve their aims. A useful strategy to help students develop such self-reliance in their learning is to use peer assessment where students assess each others’ work. This not only provides a valuable direct source of feedback for students, often in a language and manner they readily understand, it but also allows them to reflect on their own work and learning.
An important aspect of any form of assessment is the design of the tasks that are used in the assessment process. Here, where assessment is considered as being an integral part of daily classroom activity, the tasks that you ask students to engage with are therefore absolutely crucial.  If, for example, you want students to focus on their ability to interpret from mathematical model to reality, the tasks you use need to be designed to allow a range of possible interpretations to be made by the type of students you will be teaching. At every stage of your consideration of assessment of modelling you will therefore need to bear in mind the tasks you will work with.  For this reason this module has strong links with the modules “Types of modelling tasks” and “Developing modelling tasks”. 
In the Reflecting module, teachers have opportunities to reflect on the teaching and learning of mathematical modeling. Integrating modelling tasks is challenging for teachers. Additionally to students’ or parents’ negative reactions, teachers may face the following constraints (Blum & Niss, 1991, p.53):
(a)  Organisational framework: Depending on the respective curriculum it may be difficult to include modelling into the curriculum; modelling may require too much time which is not foreseen; 
(b)  Students: Modelling may be regarded as demanding and too complicated for students and traditional mathematical tasks might be more popular.
(c)  Teachers: Teaching modelling and problem solving may be regarded as complicated by many teachers for a number of reasons: There are usually more than one solutions, teachers are forced to react flexible to unforeseen solutions and results of the students. Some teachers may even question that modelling and applications are part of school mathematics because they are not as clear as routine tasks and are not context-free.

Epilogue
The teaching and learning of mathematical modeling is a complex process. Literature review reveals that learning is grounded in active participation, that knowledge is constructed, and that the situation and context influence not only what we learned, but how what is learned can be used. To short cut the learning process by offering learners bits of decontextualized information divorces learning from reality. Teachers’ training on modeling as a means for problem solving in mathematics honours the teaching and learning of mathematics in several ways. First, it honours learning as a natural, adaptive process that allows students to act on and manipulate their environment and observe the results of their actions. Teachers and their students actively and collaboratively adjust their constructs of teaching and learning, thereby creating new mental models. They test their assumptions against their constructs of how they would teach, how their students would learn, and how their adjusted models might work in their future classrooms. Training on mathematical modeling might assist teachers in becoming self-directed, self-regulated, more motivated, and most importantly, encouraged to be creative and imaginative, to explore, discover, and go beyond traditional teaching practices. 
Substantial more research is clearly needed in the design and implementation of teacher training courses for mathematical modeling and problem solving. Of interest are, for example, the modules that will be incorporated in these training courses, the ways in which the features of the technological tools might be used in the teacher training, the supporting material teachers might need in implementing modeling in their mathematics teaching, and how training courses for pre-service and in-service teachers might differentiate. In concluding, modeling approaches for the teaching and learning of mathematics, at the school level, are a seductive notion in mathematics education. However, further research towards the investigation of modeling is needed, to promote both students’ conceptual understandings and mathematical developments.  
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