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Abstract - We explore the question of how a research community focused on mathematical modeling might best inform teachers’ practices from the viewpoint of an international collaborative project which seeks to develop a teacher training program for use in different countries with their distinctive cultures and traditions.  Following identification of some of the key challenges, we illustrate these from the different perspectives of three of the partners involved. Then, we seek to identify where common ground and indeed differences might be used to enrich such a project.  In doing so, we invite other researchers to reflect on their perspectives developed within their own cultural settings and to consider how they might help inform teacher education programs that seek to promote mathematical modeling.

1.  Introduction: 

At the beginning of a new century, in many countries, mathematics, as it is taught in schools, seems to remain almost the same as in the past.  Students continue to study a mathematics that is only useful inside the classroom, but rarely in the world beyond.  Indeed, studies that have explored the use of mathematics in out-of-school situations, such as workplaces (e.g. see Williams and Wake, 2007), illustrate that school/academic mathematics is just one genre of mathematics with a particularly privileged position, which currently focuses on content that is often abstract and without apparent application.  While research points to problems of transfer, the inability to use mathematics, and the inability to solve problems in situations such as those met in workplaces or daily life, so far day-to-day teaching practice has not been influenced by such findings.

Perhaps a more likely source of stimulus to bring about change in school mathematics curricula is the OECD PISA international comparative study which attempts to measure how well young people are prepared to meet the challenges of living in the 21st Century. In particular, PISA focuses on the four domains of mathematics, reading and scientific literacies and associated problem solving skills (OECD, 2002).  This study identifies modelling as a necessary competency of someone wishing to work with mathematics in a way that allows them to make critical sense of the world about them - while also acknowledging other competencies such as communicating and problem solving that mathematical modelling also promotes.  In this climate, therefore, curricula are being developed in nations across Europe and beyond to include modelling or at least some important aspects of modelling. However, our concern is that many teachers know little about modelling.  So, it is difficult if not impossible for them to adopt appropriate pedagogies that engage their students with modelling tasks.

This paper presents challenges of a trans-national European Project that seeks to tackle the problem at the teacher level by developing a common course of professional development in mathematical modelling.  Here, we focus on how researchers / teacher educators, with their different frames of reference and perspectives, might best inform such a programme for teachers situated in different educational cultures and traditions.  This is not considered unproblematic by partners: we recognise the difficulties of informing classroom practice effectively by appropriate research.  In general, therefore, we ask “how can theory best inform practice in the context of mathematical modelling within different cultures and traditions?”  

2. Clarifying the challenges associated with operationalizing theory into practice. 

Before presenting, briefly, some personal thoughts and reflections of researchers / teacher educators representing three of the partner nations, we identify a major challenge that is posed by what we term the “teachers’ problem” and the “researchers’ problem.”  We illustrate this by reference to a typical scenario, before we consider how these problems articulate with the goal of our project.
(a) The teachers’ problem:  Teachers face many problems in their everyday classroom practice. For example: How to organize the teaching of a mathematical concept? Or: How to deal with students’ mistakes or their attitudes? Consequently, new pedagogical tools often are needed to optimize teaching and learning processes or to overcome specific problems that teachers identify. For instance, consider the teacher who asks, “every year it seems very difficult to introduce algebra in such a way that students find it useful and interesting: how can I do this so that students can assign some meaning to algebraic expressions and the way they are expected to operate with them? What situations can I use to introduce algebra in a meaningful way?”

Normally, the teacher has a pragmatic need, but not necessarily a strong theoretical basis, for developing the tools that are needed. Teachers therefore conceive of the didactics of mathematics in a technical way.  That is, it is a scientific domain where they seek specific tools to deal with the daily complexity of their classroom and the mathematical knowledge and understanding involved in teaching their students.

(ii) The researchers’ problem:  On the other hand, research often seems distant from the classroom, analysing the processes of teaching and leaning through the perspective of theoretical frameworks. Researchers consider the reality of school in a complex way, taking into account many variables, conditions and constraints, from different domains including:

· mathematical knowledge (for instance, considering the way mathematical knowledge is structured to be taught at school, epistemological models of mathematics, the nature of mathematics in relation to non-mathematical reality);

· “the teacher” and “teaching” (for instance, teachers’ beliefs concerning mathematics and the teaching of mathematics,  resources and pedagogical tools available for teaching, the impact of technology in the teaching processes);

· “the students” and “learning” (for instance, students’ beliefs concerning mathematics and its teaching, general learning models, specific models for the learning of mathematics);

· the “social and cultural environment” (for instance, parents’ and authorities’ expectations about what mathematics is and how mathematics has to be taught, pedagogical traditions, cultural restrictions). 

Given this complexity, researchers’ findings are therefore unlikely to produce immediately applicable solutions to ameliorate teachers’ concerns.

In terms of  the previous example concerning the teaching and learning of algebra, a researcher may reformulate this as, “If algebra is considered as a language, what intersections are there between daily and algebraic languages that might be used to  inform the introduction of, and the process of learning, algebra at school? How can the semantics of algebra be developed and adapted from situations normally found in world problems?” but may also consider, “what is algebra? What form should algebra take at school?” and, “is it possible to characterise a specific ‘algebraic way of thinking’? How could this ‘special’ thinking be developed? How is it related to a general way of mathematical thinking?”.

As this example shows, research often is not focused on one specific situation but takes a broader view looking for new didactic approaches with general applicability.  Consequently, research in mathematics education often is not well positioned or structured as a field of inquiry to attend effectively to teachers’ immediate needs. This leads to a recurrent problem: what research knowledge can be transposed or transformed into the educational system in order to directly improve current teaching practices? A challenge we face in developing a teacher training course, then, is to determine how such courses can be informed effectively by appropriate research knowledge. An additional but allied problem occurs when the development is carried out in an international context where the theory-practice divide is exacerbated by the different research cultures and even different philosophical traditions of the partners from the nations involved.   Before exploring these issues further we situate them by exploring the perspectives of the partners from three nations.

England. In current research, the English partner works as part of a team that adopts a socio-cultural approach -drawing particularly on ideas of the development of learner identity and using Cultural-Historical Activity Theory (CHAT) (see for example, Engestrom & Cole, 1997) to explore how different pedagogical experiences can offer distinct cultural models of mathematics and what it is like to be or become a mathematics learner.  This situates mathematics teaching and learning in a complex social setting with CHAT providing a framework that allows one to identify how a learner’s action is mediated by not only ‘instruments’ including artefacts and tools, cultural tools, concepts and language genres, but also by the way the community operates including its division of labour and its associated norms/expectations/rules.
In their analysis of classroom activity, the team from England notes that pedagogic practices designed to be more engaging for students by actively encouraging them to work with others and “have a go” can, for some students, allow them to develop or transform cultural models which for example, position “maths as difficult” to one which more positively positions “maths as challenging and I like a challenge” perhaps leading to a more inclusive approach to the subject. The English partner’s view is that modelling can, and indeed is likely to, promote discussion- based pedagogies so that students are more inclined to identify mathematics as a field of inquiry with which they can actively and ‘sociably’ engage.  Research evidence often points to such pedagogic approaches as being particularly successful in not only stretching the most able, but also engaging those not so able (at least as measured by current assessment processes) in ways that motivate and promote self-efficacy in mathematics (e.g. see Boaler and Greeno, 2000).

With a long history of involvement in curriculum development and design in modelling based curricula, the partners from England have been influenced by the work of Freudenthal and those who have followed in the tradition of Realistic Mathematics Education (RME) who make the useful distinction between horizontal and vertical mathematization.  In an attempt to connect mathematics with students’ experiences via realisable situations they propose that mathematics can be used to provide models of situations (horizontal mathematization) and models for (vertical mathematization) the development of mathematics itself. In their design of curriculum materials the followers of Freudenthal attempt to achieve progression in learning by ensuring that learners are guided through situations where they use models in the horizontal sense to allow their development in the vertical sense.  These curriculum materials carefully develop a relatively restricted number of models (such as, the empty number line,  ratio tables and so on), through a process of guided reinvention, allowing learners access to a range of powerful tools /models both to make sense of realistic situations and develop their mathematical understanding.

It is perhaps not accidental that the English partner refers to, and often adopts and adapts, the RME approach as he attempts to counter the effects of the cultural and historical system in which his work is situated which leads to schools where there is an emphasis on learners developing strong instrumental facility with mathematical procedures rather than a focus on mathematical methods and processes.  The RME approach appears to have the potential to allow a blend of both content and process in a situation, as discussion of the national context below will illuminate, where the dominant emphasis in classrooms is on instrumental understanding of content.

English National Context. Mathematical modelling has had different status at different times in recent years in the mathematics curriculum at all levels in England: although ostensibly present in the “Using & Applying” strand of the National Curriculum, modelling often is given scant attention in mathematics lessons in schools.  The current position is heavily influenced by a pervasive regime of national testing and accountability at institutional level, the results of which are made public and used by parents in their selection of schools for their children.  Thus, although key aspects of modelling may be detected in curriculum specifications, its omission from national assessment ensures that it is given little attention as a valid mathematical activity in classrooms on a day-to-day basis.  Consequently, recent national interventions designed to affect pedagogic practices in primary and secondary education focus teachers on lesson structures that do not promote mathematical modelling and indeed may be considered to have actually been detrimental in this regard.  National strategies for both primary and secondary teachers have strongly promoted lessons that involve whole-class teaching with short bursts of activity - and which place a greater emphasis on oral and mental work than previously.  Although such lesson structures and pedagogic practices are not prescribed, they are strongly supported by the teams that inspect schools and their judgements about lessons are important in informing their reports about the effectiveness of schools which are made public.

All is not without hope, however: although, at present, modelling and applications are relatively obscure in both the defined and implemented curriculum, this is likely to change as developments currently underway attempt to reposition the curriculum so that learners have opportunities to develop their mathematical literacy (Steen, 2001) via “functional mathematics”.

In implementing a program of professional development focused on mathematical modelling in England, then, the problem is one of convincing teachers that adding a pedagogy based on mathematical modelling to their repertoire is going to be useful to them in their daily practice.  This partner therefore has suggested two reasons why mathematical modelling should be a useful pedagogic approach to teaching and learning mathematics: (a) to develop a more inclusive learning community and (b) to allow the development of new mathematics based on models developed of situations (in the sense of RME).  However, as a previous CHAT analysis of curriculum change suggests (Wake et al, 2004), innovations are likely to fail unless each aspect which mediates the action of learners in their community is properly and fully supported.  In this case, the current rules and norms associated with assessment and inspection appear to conspire to suggest that the teacher training course is unlikely to succeed unless they are more suitably aligned than at present to support the proposed approach to the curriculum.

Spain. Research of the Spanish team is in the tradition of the Anthropological Theory of Didactics (ATD) as initially developed by Chevallard (1999, 2006). Mathematics is considered both as a human activity (process) and as the product of this activity, and it is modelled in terms of mathematical praxeologies (also called mathematical works, from the French ouvres). The term praxeology is a combination of the Greek words “praxis” (the practical or know-how dimension, including a set of tasks and techniques to solve them) and “logos” (the dimension of knowledge, including the explanation and justification of the activity performed) and it is considered as a primitive term to describe any human activity in an integrated way.

At school, mathematical praxeologies are not supposed to emerge suddenly or in a definite form or to “live” as eternal objects. They arise as the result of complex ongoing activities (called process of study) where new mathematical objects are created and new relations are established. The process of study, as a new human action (developed both by teachers and students) can be also described in terms of praxeologies (including didactic problems, didactic techniques and explanations and justifications of the “didactic activity” carried out). From a theoretical point of view, mathematical and didactic praxeologies interplay mutually: the way mathematics is structured determines how it can be studied and, reciprocally, the way a process of study is organised determines the nature of the mathematical knowledge constructed.  

Although praxeologies are cultural artefacts that describe how humans act and live in society, school tends to neglect the process of construction and show only the final product, the mathematical praxeology (“linear functions”, “polynomials”, “symmetries”, …), as a finalised object, valuable on their own, as a part of the mathematical cultural heritage that school has the obligation to preserve. Using Chevallard’s (2006) metaphor, mathematical praxeologies become monuments that students visit and honour at school, but rarely tools for action beyond school.

Research from the ATD considers that a new epistemology at school which brings back the process of construction of mathematical praxeologies is needed:  “For every praxeology or praxeological ingredient chosen to be taught, the new epistemology should in the first place make clear that this ingredient is in no way a given, or a pure echo of something out there, but a purposeful human construct. And it should consequently bring to the fore what its raisons d’être are, that is, what its reasons are to be here, in front of us, waiting to be studied, mastered, and rightly utilised for the purpose it was created to serve.” (Chevallard, 2006, p. 26). 

Spanish National Context. The Spanish curriculum is traditionally divided into general and classical blocks (domains) of mathematical content, following mathematical criteria not necessarily appropriate from a didactical point of view. The latest reorganisation of the curriculum extracts problem solving strategies identifying these within a separate block. This can be considered an attempt by policymakers to stress the importance of problem solving in school practices. Modelling is not explicitly included as content to be taught. However, the ultimate purpose of school mathematics is to develop students’ mathematical competency, where the ability to use mathematics to solve problems related to daily life and working is included. 

In Spain, one of the main challenges is the absence of any tradition of modelling in schools. Previous experiences with teachers show that they agree on the idea of making mathematics more useful but their thinking remains at a level of making superficial and stereotypical links between mathematics and reality. It is rare for their previous training as mathematicians and as teachers to have included any applications. There is therefore a dominant culture defining what mathematics is, where modelling and real applications have no place.

Moreover, modelling is normally not included in materials available for teachers. So, another main challenge is to provide teachers with appropriate tools to build these kinds of tasks. Finally, teaching practices are very traditional, although it seems that more collaborative work is being gradually included in classrooms. Teachers also need didactical tools to manage situations where they are more inclined to guide students in developing mathematics rather than giving a lecture and setting practice exercises.

From the point of view of the ATD, it is assumed that the existing dominant culture concerning mathematics can be transformed through an explicit and deep reflection on the raison d’être (rational) of the mathematical content taught. It is not only important to seek some real contexts to motivate mathematical content learning. It is also important to encourage teachers to ask themselves why a piece of mathematical knowledge is necessary and useful and what it allows us as citizens to do. 

Concerning teaching, the ATD proposes a specific structure of any process of study in terms of didactical moments (first encounter with a type of tasks, exploration, working technically, justifying and explaining the work done, evaluating the mathematics constructed and the process itself and giving a cultural status to the mathematical knowledge constructed). Previous research results (García, 2005) show that it is an appropriate tool to organize processes of study where modelling plays a central role.

Germany. The pivotal question for the German partner is: Why do students have to learn mathematics? Reasons include that mathematics plays a very important role in the development of many scientific disciplines, mathematics is important in a considerable number of professional areas allowing description and forecasting of phenomena for example in nature, utilisation of natural resources as well as design and regulation of industrial and socio-technical systems, and mathematics has an important basis for activity in every day life (Niss, 1994). However, this important role of mathematics as a basis for both science and society is not recognized by many people. While the importance of mathematics is increasing due to the use of technology, it becomes at the same time more and more invisible because it is hidden by technology (the “relevance paradox”, Niss, 1994). In consequence, many people claim not to need mathematics in their everyday life and work. So, students ask teachers why they have to learn certain topics; and, quite often their teachers cannot answer this question. Mathematics often remains meaningless to students. Modelling is seen as a means to overcome this problem.
Within mathematics education in Germany, the discussion about modelling has a long tradition which goes back to the 1960s. There are, however, many different positions which can be differentiated according to the aims they see for the integration of modelling (Kaiser & Sriraman, 2006). These aims include the introduction of mathematical concepts (conceptual modelling with e.g. de Lange as representative), the promotion of learning processes (didactical modelling) and the solving of real world problems (realistic modelling), the latter of which goes back to Anglo-Saxon pragmatism (with Burkhardt, Burghes and Pollak as important representatives). 

The position of Blum & Niss (1991) gathers its strength from a wide range of aims and arguments: by integrating a modelling and applications approach to school mathematics, students have opportunities to see the relevance of mathematics to society, to learn to apply mathematics in their daily lives, to critically view the mathematics of other people, and to develop problem solving strategies and to communicate with other people about mathematics. Additionally, the learning of mathematics, as well as students’ motivation is to be enhanced by the integration of modelling. In order to reach these aims, Blum and Niss focus on problems outside mathematics.
The German partners’ position is situated somewhere between ‘realistic’ and ‘didactical’ modelling. Following Blum and Niss a wide range of aims is recognised, including the promotion of learning processes as well as the competency to solve realistic problems. In order to reach the latter, the German partner puts a high emphasis on authenticity of the context with an authentic situation being regarded as an outside mathematical situation embedded in a certain field (e.g. a science or a profession) dealing with phenomena and questions which are relevant within this field and also being regarded as important by experts in this field. 

These didactical aspects however are not sufficient to introduce modelling into mathematics lessons. Firstly, whether or not modelling activities support the development of students’ modelling competencies also depends on the chosen teaching methods. Research has shown that work in groups, discussions among students, and independent work of students best support the development of modelling competencies (see e.g. Galbraith & Clatworthy, 1990). An emphasis on teaching methods is also based in the German discussion about mathematics education and education in general. Secondly, learning is also an affective and emotional matter. For this reason, special emphasis is given to affective aspects as changing students’ beliefs (especially about the usefulness of mathematics) and their attitudes towards mathematics. 

German National Context. From 2004, there have been new German-wide standards which can be seen as a reaction to the results of PISA. Supporting the demand to integrate realistic modelling tasks in these standards new curricula have been developed in some parts of Germany (e.g. in Baden-Württemberg). These may differ from region to region but they are all based on the new German-wide national standards, within which six main competencies are named which are to be taught within six main areas of content with mathematical modelling being one of these. Additionally, the standards refer to the necessity of showing students the usefulness of mathematics. German teachers therefore have to learn how to explicitly teach modelling. However, most of the teachers are not trained to teach modelling and consequently have a need for training in this. Nevertheless it is still possible for teachers to avoid teaching modelling: regional comparative tests still do not include authentic open modelling tasks, although there have recently been changes towards their inclusion. 

The question however remains over how far teachers will be willing to accept and work with these ideas. Research (e.g. Maaß, 2008) shows that teachers often have firmly held beliefs about mathematics which may hinder them from accepting authentic, realistic tasks as mathematics. It is hoped that taking account of these beliefs, proceeding in small steps as well as with continuous reference to the new curriculum may help to overcome this gap between theory and praxis. 

3. Comparing and Contrasting Perspectives. 
We return now to consider how we might not only use these different theoretical perspectives and approaches to inform in a very practical way a programme for the development of teachers in mathematical modelling but also use them as an opportunity to enrich the programme whilst ensuring it is as flexible as possible because of the diversity of the teachers that will take part 

In brief, the situation can be summarized as follows:

(i) the German partner adopts a theoretical perspective directly focused on modelling while the English and Spanish partners adopt more general theoretical perspectives;

(ii) English and German positions are more focused on the cognitive, affective and psychological aspects whilst the Spanish position is centred on institutional and epistemological aspects;

(iii) English and Spanish teams adopt a social view of the learning processes whilst from the German position this is considered as secondary;

(iv) German and Spanish partners consider modelling within the more general debate of why mathematics should be taught and learnt at school whilst the English debate is moving towards consideration of what it is to be functional with mathematics and how modelling might articulate with this;

(v) the authenticity of the situations to be modelled  is considered as a core goal in the design of modelling tasks by the German partner whilst for  the Spanish and English partners modelling is considered as a tool for the teaching of mathematics and the authenticity of the tasks, although important, are subordinate to other didactical considerations. 
We summarise these different perspectives and positions in Figure 1.

	
	Theoretical framework
	Main focus of the didactical system considered
	Pedagogical perspective
	Nature of modeling tasks
	Modelling within the teaching practices
	Modelling witihn the educational debate

	German partner
	Modelling focus
	Focused on cognitive and affective aspects
	Teaching methods are to support the development of modelling competencies
	Focus on authentic contexts and on promoting learning processes
	Modelling  mainly as a teaching goal
	Connections between modelling and why teach and learn mathematics?

	English partner
	Mathematics education general theory
	Focused mainly on cognitive aspects
	Educational processes from a social perspective
	Authenticity subordinated to other didactical considerations
	Modelling mainly as a teaching tool
	How might modelling inform pedagogies that make mathematics functional?

	Spanish partner
	Mathematics education general theory
	Focused on institutional and epistemological aspects
	Educational processes from a social perspective
	Authenticity subordinated to other didactical considerations
	Modelling mainly as a teaching tool
	Connections between modelling and why teach and learn mathematics


Figure 1: Summary of different perspectives from partner nations
In our attempts to enrich the design of the teacher programme thorough the diversity of perspectives, we identify the following opportunities.

The German approach with a particular focus on modelling can provide teachers with useful descriptions of the modelling cycle, both for designing modelling tasks and for its didactical development in the classroom. Moreover, the German partner’s concerns about authenticity of tasks can be valuable when identifying and designing tasks. Connecting with the Spanish “institutional” position, the authenticity can be also seen in terms of searching for questions crucial for students as social individuals, that is, questions with social and cultural legitimacy.  In addition, these situations also have to be useful to students in allowing them to develop new mathematical understanding through a process of study as a community.  From the Spanish perspective, it is important to work with tasks where more than one solution is possible and where it is not only the problem itself that is important, but also where the evolution of the original problem may give rise to  new questions which may in turn give rise to new mathematical knowledge and understanding. This in turn articulates well with the importance that the English partner places on processes of horizontal and vertical mathematization of Realistic Mathematics Education, which may provide an organisational framework to consider not only the modelling of real situations but also the evolution of mathematical knowledge and understanding.  Additionally taking into account the English perspective that mathematical activity may considered as a social activity, subject to cultural norms and restrictions, this may provide teachers and researchers with a range of new learning and pedagogical models. 

The distinction between modelling as a teaching goal or as a teaching tool appears important. On the one hand, the German research tradition normally considers that modelling should become an explicit teaching object and this is now included in their curriculum.  On the other hand, currently in classrooms in England this is not required and modelling if it is to find a place will have to be adopted as a teaching tool.  However, from a pragmatic point of view, it is possible to assume that training for teachers may in practice be almost the same for each position.  We can consider that modelling may become an explicit teaching object after it has been widely used in a variety of situations. In this case meta-reflection with students is needed in order to analyse the different steps and the process itself necessitating the equipping of teachers with “extra” pedagogic tools so as to be able to cope with this in their classrooms. 

4. Conclusion

 Here we have highlighted a general problem in using research in mathematics education to inform teachers in developing their day-to-day classroom practice.  It is clear that these difficulties are compounded when attempting to inform a course of professional development for teachers with an international aspect.  This adds theoretical, cultural and philosophical perspectives (on mathematics, mathematics education, teacher training, modelling, theoretical frameworks) that makes the development even more challenging.  Here we have tried to make as explicit as possible these different perspectives and following an analysis of where positions both converge and diverge we hope to have identified potential opportunities to enrich our international development. We invite other researchers to reflect on their own perspectives and perhaps consider how we can use these to pragmatically inform such work in teacher education.
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